Abstract. We give conditions for the exactness of Rokhlin skew products, apply these to random walks on locally compact, second countable topological groups and obtain that the Poisson boundary of a globally supported random walk on such a group is weakly mixing.
§0 Introduction
Skew product endomorphisms.
Let (X, B, m, T ) be a non-singular, exact endomorphism. Let G be a locally compact, Polish topological (LCP) group, let f : X → G be measurable and let S : G → Aut (Y ) be an ergodic, nonsingular G-action on the probability space (Y, C, ν). We give (theorem 2.3) conditions for the exactness of the Rokhlin endomorphism T = T f,S : X × Y → X × Y defined by T (x, y) := (T x, S f (x) y).
These conditions are applied to random walk-endomorphisms. Meilijson (in [Me] ) gave sufficient conditions for exactness for random walk-endomorphisms over G = Z. We clarify Meilijson's theorem, proving a converse (proposition 4.2), extend it to countable Abelian groups (theorem 4.1) and characterize the exactness of the Rokhlin endomorphism for an aperiodic random walk on a countable group (theorem 4.5). Tools employed include the ergodic theory of "associated actions" (see §1), and the boundary theory of random walks (see §4). As a spinoff we obtain that the right action on Poisson boundary (see §4) of a globally supported random walk is weakly mixing (proposition 4.4). §1 Associated actions
For an endomorphism R of a measure space (Z, D, ν) set • I(R) := {A ∈ D : R −1 A = A} -the invariant σ-algebra, and • T (R) := ∞ n=0 R −n D -the tail σ-algebra. Let (X, B, m, T ) be a non-singular, exact endomorphism. Let G be a locally compact, Polish topological (LCP) group, let f : X → G be measurable.
There are two associated (right) G-actions arising from the invariant and tail σ-algebras of T f , which are defined as follows:
• define the (left) skew product endomorphism T f :
The associated invariant action.
Let (Ω, F , P ) = (Ω I , F I , P I ) be the invariant factor of (X × G, B(X × G), µ, T f ): that standard probability space equipped with a measurable map π :
Conversely, any T -invariant function on X lifts to a T f -invariant function on X × G which is also Q-invariant and thus the lift of a p-invariant, measurable function on Ω. If (Ω, F , P, g) is ergodic this function is constant (a.e.).
This action is related to the Mackey range of a cocycle (see [Zi2] and §3), and the Poisson boundary of a random walk (see §4).
The associated tail action.
Let (Ω, F , P ) = (Ω T , F T , P T ) be the tail factor of (X ×G, B(X ×G), µ, T f ): that standard probability space equipped with a measurable map π :
Conversely, any T (T )-measurable function on X lifts to a T (T f )-measurable function on X × G which is also Q-invariant and thus the lift of a τ -invariant, measurable function on Ω. If (Ω, F , P, τ ) is ergodic this function is constant (a.e.).
The non-singular G-action (Ω, F , P, τ ) is called the associated tail G-action (of (T, f )) and denoted τ = τ (T, f ). This action is related to the tail boundary of a random walk (see §4). §2 Conditions for exactness and a construction of Zimmer
We begin with a proposition generalising Zimmer's construction (in [Zi1] ) of a G-valued cocycle over an ergodic, probability preserving transformation with a Proposition 2.1.
Suppose that G is a LCP group, that (X, B, m, T ) is a non-singular endomorphism, and suppose that f : X → G is measurable.
Let S be a non-singular G-action on the probability space (Y, C, µ) and define
Proof.
.
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Next, we claim that
To see this,
It follows from (2) that
Now, in general and so
respectively, according to the value of ip, τ . By (1) and (2), π induces a measure space isomorphism of ( Ω i , P i ) with (Ω i × Y, P i × µ).
Denoting the associated G-actions by Q t (x, y, g) := (x, y, gt) and Q t (x, g) := (x, gt), we note that
The proposition now follows from this.
3) If both T f and S are ergodic, then T is ergodic and p( T , f ) ∼ = S.
4) If T f is exact and S is ergodic, then T is exact and τ
Proof. Parts 1) and 2) follow from propositions 1.1 and 1.2. Parts 3) and 4) follow from these and form essentially Zimmer's construction. §3 Locally invertible endomorphisms
In this section, we obtain additional results for a non-singular, exact endomorphism (X, B, m, T ) of a standard measure space which is locally invertible in the sense that ∃ an at most countable partition α ⊂ B so that T : a → T a is invertible, non-singular. This is possible as now the associated actions of §1 are Mackey ranges of cocycles (as in [Zi2] ). We prove Theorem 3.1.
Suppose that (X, B, m, T ) is a non-singular, locally invertible, exact endomorphism of a standard measure space, that G is locally compact and Abelian and that
Either T f,S is exact for every mildly mixing probability preserving G-action S :
Note that the invertible version of this generalizes corollary 6 of [Ru] . The rest of this section is the proof of theorem 3.1.
Tail relations.
Let (X, B, m, T ) be a non-singular, locally invertible endomorphism of a standard measure space. Consider the tail relations
We assume that m(X \ X 0 ) = 0 (which is the case if T is ergodic and m is non-atomic). Both T(T ) and G(T ) are Definition: Countable equivalence relations. Let (X, B(X), m) be a standard probability space. A countable, standard equivalence relation on X is an equivalence relation R ∈ B(X ×X) with countable equivalence classes. The countable, standard equivalence relation R is called m-non-singular if A ∈ B, m(A) = 0 ⇒ m(R(A)) = 0 where R(A) := x∈A R x where R x := {y ∈ X : (x, y) ∈ R}. A set A ∈ B is R-invariant if x ∈ A ⇒ R x ⊂ A. The collection of measurable, R-invariant sets is denoted I(R) and R is ergodic if I(R) = {∅, X} mod m.
Proposition 3.2.
I(G(T )) = I(T ), I(T(T )) = T (T ).
Definition: Orbit cocycle. Let G be a LCP group and let R ∈ B(X × X) be a standard, countable, non-singular equivalence relation. A measurable function
We'll need to consider G(T )-orbit cocycles of the following form:
(this does not depend on the k, ℓ ≥ 0 such that
Mackey ranges of cocycles. Let R be a countable, standard, non-singular equivalence relation on the standard measure space (X, B, m) and let Ψ : R → G be a left R-orbit cocycle. It follows from theorem 1 in [F-M] , there is a countable group Γ and a non-singular Γ-action (X, B, m, V ) so that
The non-singular G-action (Ω, F , P, g) is called the Mackey range (of (V, f )) and denoted R(V, f ).
It can be shown that R(V, f ) does not depend on (X, B, m, V ) such that R=R V and we define the Mackey range of Ψ over R as
We also have the following version of proposition 2.1 (whose proof is similar) :
Proposition 3.5.
Suppose that Γ is a countable group, that G is a LCP group, that (X, B, m, V ) is an ergodic, non-singular Γ-action, and suppose that f : Γ×X → G is a measurable cocycle.
2) If both V f and S are ergodic, then V is ergodic and R( V , f ) ∼ = S.
Ergodicity of Cartesian products.
Call a probability preserving
As shown in [S-W] , if the ergodic, nonsingular G-action (X, B, m, U ) is properly ergodic in the sense that m(U G (x)) = 0 ∀ x ∈ X of [S-W], then U ×S is ergodic for any mildly mixing probability preserving G-action S : G → Aut (Y ). The same proof shows that this result persists for an ergodic, nonsingular G-action (X, B, m, U ) which has a recurrent sequence, i.e. a sequence g n ∈ G, g n → ∞ with the property that lim inf
Compact reducibility. Let Γ be a countable group, G be a LCP group and let (X, B, m, V ) be an ergodic, non-singular Γ-action.
We call the measurable V -cocycle F : Γ × X → G compactly reducible if ∃ H ≤ G compact, a measurable cocycle f : Γ × X → H and h : X → G measurable Remark. Note that if F is compactly reducible, then (by possibly reducing to a further subgroup) it can be ensured that (X × H, B(X × H), m × m H , V f ) is ergodic.
Proposition 3.7. If the measurable V -cocycle F : Γ × X → G is not compactly reducible, then R(V, F ) × S is ergodic for any mildly mixing probability preserving G-action S : G → Aut (Y ).
Proof. Suppose that the conclusion fails, then R(V, F ) is not properly ergodic. It follows from [Zi2] , proposition 4.2.24 that ∃ H ≤ G, a measurable cocycle f : Γ×X → H and h : X → G measurable so that F ) is the right action of G on H\G and there is no recurrent sequence when and only when H is compact.
Regularity and range of an orbit cocycle. Let G be a LCP group, let R ∈ B(X × X) be a standard, countable, non-singular equivalence relation and let Ψ : R → G be a left R-orbit cocycle. Let (X, B, m, V ) be a non-singular Γ-action so that R=R V , and define a cocycle
The compact reducibility of f does not depend on (X, B, m, V ) such that R=R V . Thus, we may call Ψ compactly reducible if f is.
By proposition 3.7, Proposition 3.8. If Ψ is not compactly reducible, then R(R, Ψ)×S is ergodic for any mildly mixing probability preserving G-action S : G → Aut (Y ).
We now have by proposition 3.8 that Proposition 3.9.
For a locally invertible, exact endomorphism (X, B, m, T ) and f : X → G measurable: If Ψ f is not T(T )-compactly reducible, then τ (T, f ) × S is ergodic for any mildly mixing probability preserving G-action S : G → Aut (Y ).
Proof of theorem 3.1.
The previous propositions show that if Ψ f is not T(T )-compactly reducible, then T f,S is exact for every mildly mixing probability preserving G-action S :
We must show that Ψ f is T(T )-compactly reducible iff ∃ a compact subgroup K ≤ G, t ∈ R and f : X → K, g : X → G measurable so that
To see this suppose that K ≤ G is a compact subgroup and g : X → G is measurable
whence constant. §4 Random walks
Let G be a LCP group and let p ∈ P(G).
The (left) random walk on G with jump probability p ∈ P(G) (RW(G, p) for short) is the stationary, one-sided shift of the Markov chain on G with transition This is isomorphic to the measure preserving transformation , A 1 , . . . , A n ∈ B(G) ), m G is left Haar measure on G and W :
The jump process of the random walk RW(G, p) is
where (X, B(X), µ p , T ) is as above and f : X → G is defined by f (x) := x 1 .
Boundaries.
The tail boundary of the random walk RW(G, p) is τ (G, p) := τ (T, f ), and the Poisson boundary is p(G, p) := p(T, f ) where (X, B(X), µ p , T, f ) is the jump process of the random walk RW(G, p).
These definitions are equivalent with those in [K-V, K] .
Random walks on Abelian groups. In case G is Abelian, the tail and Poisson boundaries are the actions of G on G/H τ and G/H p by translation (respectively), where
See [D-L] .
Theorem 4.1 (extension of [Me] ). Let G be a LCP, Abelian group, let p ∈ P(G) and let (X, B(X), µ p , T, f ) be the jump process of the random walk RW (G, p) .
is a weakly mixing probability preserving G-action , then T f,S is ergodic (exact).
2) If H p (H τ ) is non-compact and S : G → Aut (Y ) is a mildly mixing probability preserving G-action , then T f,S is ergodic (exact).
Proof.
1) It follows from the assumption that p(T, f ) (τ (T, f )) is an ergodic, probability preserving G-action, whence S×p(T, f ) (S×τ (T, f )) is ergodic whenever S is weakly mixing.
2) It follows from the assumption that p(T, f ) (τ (T, f )) is a conservative, ergodic, nonsingular G-action, whence S ×p(T, f ) (S ×τ (T, f )) is ergodic whenever S is mildly mixing.
Remark. If H p (H τ ) is compact and S : G → Aut (Y ) is a non-trivial probability preserving G-action , then T f,S is not ergodic (exact) since
Proposition 4.2 (converse of [Me] ).
Let p ∈ P(Z) and let (X, B(X), µ p , T, f ) be the jump process of the random walk RW (Z, p). Suppose with d = {0} and let S be an ergodic, probability preserving transformation of Y , then T f,S is exact iff S d is ergodic.
Proof. Here, τ (T, f ) is the cyclic permutation of d points. The condition S d is ergodic characterizes the ergodicity of S × τ (T(T ), ψ f ).
Weak mixing of Poisson boundary.
Let G be a LCP group and suppose that p ∈ P(G) is globally supported in the sense that spt. (p) = G. Let (X, B(X), µ p , T, f ) be the jump process of the random walk RW (G, p).
Proof of S ergodic ⇒ T f,S ergodic.
Suppose that F : X × Y → R is bounded, measurable and T f,S -invariant, then
As in [Mo] (or proposition 1 of [ADSZ] ), ∃ G : Y → R measurable so that F (x, y) = G(y) µ p × µ-a.e., whence G • S g = G µ-a.e. ∀ g ∈ spt. (p) = G and G (whence F ) is a.e. constant by ergodicity of S.
Proposition 4.4. p(T, f ) is weakly mixing in the sense that p(T, f ) × S whenever S is an ergodic, probability preserving G-action.
Proof. Let S : G → Aut (Y ) be an ergodic, probability preserving G-action. By proposition 4.3, T f,S is ergodic, whence by theorem 2.4, p(T, f ) × S is ergodic.
Remark.
More generally, propositions 4.3 and 4.4 remain true whenever (X, B, m, T, α) is a probability preserving, weak quasi-Markov, almost onto fibred system in the sense of [ADSZ] and f : X → G is α-measurable and m • f −1 is globally supported on G.
Aperiodic random walks.
Let G be a LCP group and suppose that p ∈ P(G). A random walk RW(G, p) is called steady (see [K] ) if p(G, p) = τ (G, p). Let G be a countable group and suppose that p ∈ P(G). The random walk RW(G, p) is called aperiodic if the corresponding Markov chain is aperiodic. Equivalent conditions for this are • p n * e > 0 ∀ n large; • ∃ n ≥ 1 so that spt. (p n * ) ∩ spt. (p (n+1) * ) = ∅. An aperiodic random walk on a countable group is steady. This can be gleaned from [F] and théorème 3 in [D] (see also proposition 4.5 in [K] ).
Theorem 4.5.
Let G be a LCP group and suppose that p ∈ P(G) is globally supported and that RW (G, p) and let S : G → Aut (Y ) be a probability preserving G-action , then T f,S is ergodic iff S is ergodic and in this case T f,S is exact.
Proof of S ergodic ⇒ T f,S exact. By proposition 4.4, p(T, f )×S is ergodic, whence by steadiness, τ (T, f ) × S is ergodic. Thus, T f,S is exact by theorem 2.3.
